Abstract. Using Casimir elements, we characterize the semisimple Lie algebras among the quadratic Lie algebras. This characterization gives, in particular, a generalization of a consequence of Cartan's second criterion.
Introduction
In this work we consider Lie algebras of finite dimension over a commutative algebraically closed field K of characteristic 0.
Let g be a Lie algebra and let z(g), R(g), U(g) denote the center of g, the radical of g, the universal enveloping algebra for g respectively. A Lie algebra g is called perfect if g = [g, g] . Letting B be a bilinear form on g, we shall say that B is an invariant scalar product on g if it is symmetric, nondegenerate and invariant (i.e.
B([x, y], z) = −B(y, [x, z])).
We shall say that a Lie algebra g is quadratic if there exists an invariant scalar product on g.
Let g be a quadratic Lie algebra and B be an invariant scalar product on g. We choose bases {e i }, {f j } in the Lie algebra g such that B(e i , f j ) = δ ij where δ ij is the Kronecker symbol. Let C B be the element of U(g) defined by C B = e i f i . The element C B is called a Casimir element corresponding to the form B. By [Bo] , the element C B is in the center of U(g) and is independent of the choice of bases {e i }, {f j }. By [Bo] , the adjoint representation of g has a unique extension to a homomorphism T of the associative algebra U(g) into the associative algebra End(g). We shall say that C B is invertible (resp. nilpotent) if the linear map T (C B ) is invertible (resp. nilpotent).
The fact that the Killing form of semisimple Lie algebra g is an invariant scalar product on g implies that g is quadratic. But the class of quadratic Lie algebras contains strictly the class of semisimple Lie algebras. In [B1] and [B2] , we have given some characterizations of the semisimple Lie algebras among certain classes of quadratic Lie algebras. Here, we characterize the semisimple Lie algebras among the quadratic Lie algebras using the Casimir elements. Our main result is Theorem 2: Let g be a quadratic Lie algebra and let B be an invariant scalar product on g. Then, the following two assertions are equivalent: i) g is semisimple;
ii) The Casimir element corresponding to the form B is invertible.
SAID BENAYADI
The above theorem generalizes a consequence of Cartan's second criterion:"If the Killing form is nondegenerate, then g is semisimple". Note that the nondegeneration of the Killing form already implies that the Casimir element is invertible, hence the above theorem indeed gives a generalization of Cartan's result.
Casimir elements of quadratic perfect Lie algebras
The main result of this section states that the Casimir elements of a nonsemisimple quadratic perfect Lie algebra are not invertible. Lemma 1. Let g be a simple Lie algebra, K its Killing form, and B an invariant scalar product of g. Then, there exists an element λ of K\{0} such that B = λK and
Using this straightforward lemma, we get the following proposition.
Proposition 1. Let g be a semisimple Lie algebra and B an invariant scalar product on g. Then C B is invertible.
We now show that the Casimir elements of a non-semisimple quadratic perfect Lie algebra without any nonzero semisimple ideal are nilpotent. We need the following two lemmas.
Lemma 2. Let g be a perfect Lie algebra without any nonzero semisimple ideal, and let R be its radical. If g is quadratic, then
Proof. Let B be an invariant scalar product on g, x an element of R and y an element of z(R).
Lemma 3. Let g be a perfect Lie algebra without any nonzero semisimple ideal, let R be its radical and let s be a Levi subalgebra of g. Assume that g is quadratic and let B be an invariant scalar product on g. Then there exists a vector subspace V of R which satisfies:
Proof. We shall show that B |A×A is non-degenerate where A = s ⊕ z(R). Let x = y + z be an element of A where y is an element of s and z is an element of z(R) such that B(x, A) = {0}. Then B(y, z ) = 0 for every element z of z(R). By Lemma 2, it follows that y = 0. Thus x = z and B(z, s) = {0}, which implies that x = 0. We conclude that B |A×A is non-degenerate. Consequently, g = A ⊕ A ⊥ .
Next we show that
Next we prove: Theorem 1. Let g be a perfect Lie algebra without any nonzero semisimple ideal, and let B be an invariant scalar product on g. Then C B is nilpotent.
Proof. There exists a vector subspace V of g which satisfies i), ii), iii) and iv) of Lemma 3. Thus, g = s ⊕ V ⊕ z(R) where s (resp. R) is a Levi component (resp. the radical) of g.
By Lemma 2, z(R) = R ⊥ , which implies that the map φ : (x, .) ) for all x ∈ z(R) (resp. s) is an invertible linear map.
Let {e 1 , ..., e n } (resp. {f 1 , ..., f n }) be a basis of s (resp. z(R)). Then there exists a basis {l 1 , ..., l n } (resp. {k 1 , .
Let {v 1 , ..., v m } be a basis of V . By Lemma 3 there exists a basis
We now verify the following equation:
. We assume that the equation is true for an integer p ≥ 2, so that we have:
Hence, the equation holds for every p ≥ 2 by induction. Since g is perfect, it follows that R is nilpotent. By the theorem of Lie (see [Bo] ), there exists a basis D of g with respect to which the matrix of ad g x is triangular with all the elements on the diagonal equal to zero, for all x in R. Consequently, there exists an integer p ≥ 2 such that (
Corollary. Let g be a perfect, quadratic Lie algebra, which is not semisimple, and let B be an invariant scalar product of g. Then C B is not invertible.
Proof. There exists an ideal I of g such that g = S ⊕ I where S is a maximal semisimple ideal of g.
The fact that B is an invariant scalar product on g implies that H = B| S×S (resp. L = B| I×I ) is an invariant scalar product on S (resp. I), and B(S, I) = {0}.
By Theorem 1, C L is nilpotent, and by Proposition 1, C H is invertible. Let T be the representation of U (g) in g. Then:
p . Since g is not semisimple, I is nonzero, and therefore (T (C B )) p is not invertible. Hence T (C B ) is not invertible. Remark. It is well known that the invertibility of the Casimir elements is very useful in the cohomological theory of semisimple Lie algebras. The above theorem shows that, in the case of quadratic Lie algebras which are not semisimple, other methods would be necessary for the cohomological theory.
